Using a geometric approach, we derive the minimum number of applications needed for an arbitrary controlled-unitary gate to construct a universal quantum circuit. An analytic construction procedure is presented and shown to be either optimal or close to optimal. This result can be extended to improve the efficiency of universal quantum circuit construction from any entangling gate. In addition, for both the controlled-NOT (CNOT) and double-CNOT gates, we develop simple analytic ways to construct universal quantum circuits with three applications, which is the least possible for these gates.
I. INTRODUCTION
Construction of a universal quantum circuit, i.e., a circuit that can implement any arbitrary unitary operation, is of central importance in the physical applications of quantum computation and quantum information processing [1] . Barenco et al. [2] proved the celebrated result that the controlled-NOT (CNOT) gate supplemented with single-qubit rotations is universal, which has become a de facto standard model of quantum computation. We have previously provided a generality beyond the standard model [3] , namely, an analytic direct route to simulating any arbitrary two-qubit unitary operation from whatever entangling gate arises naturally in the physical applications. The ability to simulate an arbitrary twoqubit operation is particularly important for quantum simulations, where one wishes to use one readily controllable quantum system to simulate the behavior of another quantum system that may be hard to either realize or control.
Current experimental efforts are focused on realizing specific entangling gates. In order to be useful, these specific gates have to be able to generate any arbitrary two-qubit gate in an efficient manner. This is an extremely important question for experimental applications, where one seeks to reduce unwanted decoherence effects that inevitably increase with the total number of gates. In [3] , we provided an upper bound for the applications of a given entangling gate, i.e., regardless of which two-qubit gate is to be implemented, we can always construct a quantum circuit with applications of the given gate not exceeding that upper bound. However, this upper bound is not tight because it may be possible to achieve universality with fewer applications of the given gate. For example, it was recently shown that just three applications of the CNOT gate together with local gates are universal [4] .
The main contribution of this paper is a more general result for optimality, namely, the minimum number of applications needed for an arbitrary controlled-unitary (controlled-U) gate to construct a universal quantum circuit. We focus on the controlled-U gates because any entangling two-qubit gate can be used at most twice to simulate a controlled-U gate [3] , and these gates can then be used as basic building blocks to construct universal quantum circuits [5, 6] . Our main tool to derive the minimum upper bound for any controlled-U gate is the geometric representation of nonlocal two-qubit gates developed in [7] , which provides an intuitive approach to this minimum upper bound. We also obtain a near optimal construction procedure that requires either the minimum applications of the given controlled-U gate, or one application more than the minimum, depending on the given gate. Moreover, for the CNOT and double-CNOT (DCNOT) gate [8] (which is locally equivalent to the iSWAP gate in [9] ), we provide a simple analytic solution to simulating any two-qubit gate with at most three applications.
II. PRELIMINARIES
We first briefly review some relevant background knowledge [3, 7, [10] [11] [12] . Two quantum gates U , U 1 SU͑4͒ are called locally equivalent if they differ only by local operations: U = k 1 U 1 k 2 , where k 1 , k 2 SU͑2͒ SU͑2͒. Two gates are locally equivalent if and only if they have identical Makhlin local invariants [10] . From the Cartan decomposition on su͑4͒, any two-qubit unitary operation U SU͑4͒ can be written as
where ␣ 1 ␣ 2 = ␣ ␣ , ␣ are the Pauli matrices, and k 1 , k 2 SU͑2͒ SU͑2͒ are local gates. In ͓7͔ we found that the local equivalence classes of two-qubit gates are in one-toone correspondence with the points in the tetrahedron OA 1 A 2 A 3 shown in Fig. 1 , except on its base. For a general two-qubit gate U in Eq. ͑1͒, this geometric representation defines a set of parameters c j satisfying − c 2 
Consider an arbitrary single-qubit gate U = exp͑n x i x + n y i y + n z i z ͒. The controlled-U operation U f derived from this gate can be written as
where ␥ = ͱ n x 2 + n y 2 + n z 2 , and U 1 is a single-qubit gate given by , we can always take the parameter ␥ ͑0, /2͔. Specifically, when ␥ = /2,U f is locally equivalent to the CNOT gate.
III. MINIMUM UPPER BOUND FOR ANY CONTROLLED-U GATE
We have previously provided an upper bound for a given entangling gate to implement a universal quantum circuit [3] .
, this upper bound is 6 /4␥ , where the ceiling function x is defined as a function that rounds x to the nearest integer toward infinity. This upper bound is not a tight one. We now use a geometric approach to show that the minimum upper bound for a controlled-U gate is 3 /2␥ .
Any controlled-U gate U f corresponds to a point on the line segment OL, as shown in Fig. 1 . We now study the set of all the nonlocal gates that can be implemented by n applications of U f . We first analyze the case n ജ 3 and then the case n = 2. The following theorem shows that all gates that can be simulated by n͑ജ3͒ applications of U f together with local gates constitute two congruent tetrahedra in the tetrahedron OA 1 A 2 A 3 , which is the geometric representation of all the nonlocal two-qubit operations [3] .
, every gate generated by n ͑ജ3͒ applications of U f together with local gates is locally equivalent to a gate e
, with the parameters c j satisfy-
See Appendix A for a proof. Theorem 1 tells us that all the gates that can be generated by n applications of U f with local gates can be represented by two tetrahedra OB 1 B 2 B 3 and Fig. 1 . Note that these two tetrahedra are congruent, and the equations describing the faces B 1 B 2 B 3 and C 1 C 2 C 3 are c 1 + c 2 + c 3 = n␥ and c 1 − c 2 − c 3 = − n␥, respectively. These two faces are the boundaries of all those points that can be generated by n applications of U f .
It is clear that asn grows each of these two tetrahedra OB 1 B 2 B 3 and A 1 C 1 C 2 C 3 expands with consecutive faces of each tetrahedron remaining parallel. To obtain the minimum number of applications needed for a given controlled-U gate U f to implement any arbitrary two-qubit operation, we only need to find the least integer n such that the union of the two tetrahedra OB 1 B 2 B 3 and A 1 C 1 C 2 C 3 can cover the whole tetrahedron OA 1 A 2 A 3 as n grows. Since this is convex, we can further restrict our attention to covering all its vertices. As seen from Fig. 1 , this is equivalent to the condition that one of the two tetrahedra contains the point A 3 ͓͑ /2, /2/ /2͔͒ i.e., the SWAP gate. From Theorem 1, we require only that n␥ ജ 3 / 2, which leads to n = 3 /2␥ . This provides the minimum upper bound for an arbitrary controlled-U gate to implement a universal quantum circuit, and is summarized in the following theorem.
Theorem 2. For an arbitrary controlled-
, the minimum application required to implement any arbitrary two-qubit gate together with local gates is 3 /2␥ .
In Fig. 2 , the minimum upper bound for any controlled-
is shown as a function of ␥ and depicted by thick lines. The thin lines represent the number of applications needed by a near optimal construction procedure we present below. Note that the single point at ␥ = / 2 with value 3 indicates that three applications of the CNOT gate with local gates suffice to implement any arbitrary two-qubit gate. The CNOT gate is therefore the most efficient gate among all the controlled-U gates. to the point ͓␥ ,0,0͔ on OL [7] . Tetrahedra OB 1 B 2 B 3 and A 1 C 1 C 2 C 3 contain all the local equivalence classes of the nonlocal gates that can be generated by n applications of U f with local gates, where B 1 = ͓n␥ ,0,0͔, B 2 = ͓n␥ /2,n␥ /2,0͔, B 3 = ͓n␥ /3,n␥ /3,n␥ /3͔, C 1 = ͓ − n␥ ,0,0͔, C 2 = ͓ − n␥ /2,n␥ /2,0͔, and C 3 = ͓ − n␥ /3,n␥ /3,n␥ /3͔. 
IV. NEAR OPTIMAL UNIVERSAL QUANTUM CIRCUIT
In real physical applications, it is desirable to have a constructive procedure to implement a universal quantum circuit. At this time, there is no explicit way to construct a universal quantum circuit that exactly achieves the minimum upper bound for an arbitrary controlled-U gate U f . However, we have found a construction procedure for a near optimal universal quantum circuit from an arbitrary controlled-U gate U f = e ␥͑i/2͒ z 1 z 2 combined with local gates. Depending on the value of ␥, the upper bound of this construction is either equal to the minimum or just one more than the minimum applications of U f as shown in Fig. 2 .
An arbitrary two-qubit operation U SU͑4͒ can be written as in Eq. (1) correspond to points ͓␥ 1 ,0͔ and ͓␥ 2 ,0͔ on OA 1 , respectively. The nonlocal gates that can be generated by these two controlled-U gates are shown as the shaded area in Fig. 3 . Since the gate ͓c 1 , c 2 ,0͔ is locally equivalent to the gate ͓ − c 1 , c 2 ,0͔, the shaded area consists of two symmetric triangles. (Note that Proposition 2 in [3] is a special case of this theorem by setting ␤ 1 =4 and ␥ 1 = ␥ 2 .) When ␥ 1 = ␥ 2 = / 2, i.e., both gates are CNOT gates, the above quantum circuit can implement any gate in the triangle OA 1 A 2 . In other words, two applications of the CNOT gate can implement those two-qubit gates that are located on the base of the tetrahedron OA 1 A 2 A 3 and only those gates. This result was also implied by Vidal and Dawson [4] .
Since the second step of the procedure is indeed equivalent to implementing any gate in the triangle OA 1 A 2 , we can now realize it by using Theorem 3. From a given controlled-
, it is easy to obtain an n-fold product gate e can simulate any gate in the triangle OA 1 A 2 we require only that the shaded area in Fig. 3 covers the point A 2 . This is equivalent to ͑m + n͒␥ ജ , whence m + n = / ␥ . We can therefore choose any positive integers m and n, as long as they satisfy this equality. Moreover, the parameters ␤ 1 and ␤ 2 of the local gates can be determined by solving Eq. (3). Hence we can explicitly simulate any nonlocal gate e , the constructive approach presented above needs at most / ␥ + /2␥ applications for the case ␥ ͑0, /2͒, or four applications for the case ␥ = / 2, to implement any arbitrary two-qubit operation. In Fig. 2 , the upper bound of this construction procedure is shown as thin lines. It is evident that our procedure is near optimal-it implements a universal quantum circuit with either minimum possible applications of U f or one more than the minimum.
In [3] we provided an upper bound of 6 /4␥ applications for an arbitrary controlled-U gate U f . Since / ␥ + /2␥ ഛ 6 /4␥ , it is clear that the construction presented here is more efficient by up to five gate applications. Furthermore, since U f is a basic building block for implementing a universal quantum circuit, this construction also implies improved efficiency (a smaller number of gates) to achieve universality from any arbitrary entangling gate [2, 3, 5, 6] . 
V. UNIVERSAL QUANTUM CIRCUIT FROM THREE CNOT OR DCNOT GATES
The explicit construction procedure presented above requires four applications of the CNOT gate to implement any arbitrary two-qubit gate. From Theorem 2, we know that the minimum upper bound for the CNOT gate is 3 (see also Fig.  2 ). Since the CNOT gate with local gates is widely adopted as the standard model of universal quantum computation, it is especially important to find an attractive construction with a minimum number of applications. Recent work has provided constructions with three applications of CNOT [4] . We have found the following simple analytic route to construct a universal quantum circuit from three applications of the CNOT gate with local gates. Moreover, we have a similar result for the DCNOT gate, which is defined as the quantum gate performing the operation ͉m͘ ͉n͘ → ͉n͘ ͉m n͘ [8] . It is easy to prove that the DCNOT gate is locally equivalent to the gate e ͑/2͒͑i/2͒ x 1 x 2 +͑/2͒͑i/2͒ y 1 y 2 , which corresponds to A 2 ͓͑ /2, /2,0͔͒ in Fig. 1 . This theorem can also be proved by direct algebraic computation of Makhlin's invariants, as for Theorem 4. Note that this is not a controlled-U gate. In fact, it is locally equivalent to the iSWAP gate in the computational basis: Theorem 5 thus provides a route to universal quantum circuits from XY coupled qubits that is at least as efficient as any CNOT-based circuit.
VI. CONCLUSION
In summary, we have found the minimum upper bound to construct a universal quantum circuit from any controlled-U gate together with local gates. This minimum upper bound depends only on the single controlled-U parameter ␥, as shown in Fig. 2 . It shows that among all the controlled-U gates, the CNOT gate is the most efficient, a fact not evident from the previous upper bound result in [3] . An explicit construction of universal quantum circuits from a given controlled-U gate was provided and shown to be close to optimal, i.e., it implements a universal quantum circuit with either minimum applications, or one more than the minimum. In addition, we developed simple analytic ways for both the CNOT and DCNOT (not a controlled-U) gates to construct universal quantum circuits with exactly three applications, which is the least possible for these gates.
